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ADDENDUM: 2D HOMOGENEOUS SOLUTIONS TO THE EULER EQUATION
XUE LUO AND ROMAN SHVYDKOY
Abstract. In this addendum note we fill in the gap left in [2] in the description of 2D homogeneous solutions
to the stationary Euler system with the help of the results of [1]. This gives a complete classification of all
solutions. The note includes updated classification tables, and a reverse application to the results of [1].
In [2] the authors studied classification problem for homogeneous solutions of the steady Euler equations
in the plane:
u · ∇u+∇p = 0
∇ · u = 0.(1)
Solutions studied are given by u = ∇⊥Ψ, where Ψ(r, θ) = rλψ(θ), in terms of polar coordinates (r, θ), and
p = r2(λ−1)P (θ). We assumed λ > 0 to ensure the solutions have locally finite energy, however case λ = 0
corresponding to point vertices has also been classified. Plugging the ansatz into (1) one finds that P is
constant and the couple (P, ψ) satisfies
2(λ− 1)P = −(λ− 1)(ψ′)2 + λ2ψ2 + λψ′′ψ,
ψ(0) = ψ(2pi).
(2)
The problem reduces to a Hamiltonian system with the help of the Bernoulli conserved quantity B =
(2P + λ2ψ2 + (ψ′)2)ψ
2
λ
−2, which replaces the pressure P to convert (2) into the system
(3)


x′ = y
y′ = −λ2x+ λ− 1
λ
Bx
λ−2
λ .
where (x, y) = (ψ, ψ′) are the phase coordinates. The pressure P = − y22 − λ
2
2 x
2 + B2 x
2λ−2
λ plays the role
of Hamiltonian. In this formulation the classification problem reduces to finding all 2pi-periodic solutions to
(3).
The solutions are sorted into three categories: elliptic ones corresponding to non-vanishing stream-function
x = ψ (streamlines are closed loops around the origin), hyperbolic-type described by ψ vanishing at two
or more points, and parabolic-type corresponds to vanishing at one point only or parallel shear type. In
all but elliptic category the solutions have been completely classified for all values of λ (we refer to [2] for
classification tables in terms of life-time function). The elliptic solutions present the main technical difficulty
due to subtleties related to the monotonicity of the half-period function T in the elliptic region of the phase
portrait of (3). Establishing monotonicity gives a precise count of distinct 2pi-periodic solutions for given
value of λ as it allows to find the number of 2pi/n values within the range of the period function. This was
accomplished in [2] for all values of λ other than 1 < λ < 43 and by duality
3
4 < λ < 1. Moreover we could
show that the known sufficient conditions for monotonicity fails in the ranges above. However, the end-point
values of the period, which, say in the interval (1, 4/3) are given by 2pi√
2λ
and pi clearly indicated that in
order for a 2pi-periodic to occur the period must cross the end-points inside the elliptic region, which seemed
somewhat unlikely.
After the publication of [2] the authors learned of another work by P. Daskalopolos and O. Savin [1] which
addressed the problem of regularity and behavior at the origin of solutions to degenerate Monge-Ampe`re
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equation (in the notation of [1])
(4) detD2u = |x|α, α > −2.
The Monge-Ampe`re equation can be obtained from the Euler in 2D by taking the divergence of the momentum
equation and writing it in terms of the stream-function Ψ. While in general this procedure does not establish
equivalence between the two, in the homogeneous case they do become equivalent, and the authors of [1]
have also written down and studied the ODE (2). While the aim of [1] was not to provide a complete
classification of homogeneous solutions (in fact, homogeneous or asymptotically homogeneous solutions to
(4) is just one, but not the only class of solutions to (4) described in [1], and [1] focuses on positive values
curvature, or in our terms P > 0 which corresponds to elliptic solutions) in the range of question the authors
proved in Proposition 5.1 (i) that the period function is bounded above and below by its boundary values
directly without resorting to monotonicity. Thus, it excludes the possibility of 2pi-periodic solutions. To
draw a more precise parallel, their homogeneity parameter α corresponds to our λ = 2 + α2 , considered for
α > −2. Proposition 5.1 (i) of [1] excludes solutions for −2 < α < 0, which corresponds to 1 < λ < 2, which
of course, includes the range 1 < λ < 4/3. For the dual range 3/4 < λ < 1, the exclusion follows from the
conjugacy relation between systems 0 < λ < 1 and 1 < λ established in [2],
x→ x1/λ(θ/λ).
With these observations we now report a complete classification for elliptic solutions, and thus all homo-
geneous solutions. The updated table is presented below. We refer to [2] for notation and explanation of
rescaling procedures.
B P
λ
(1, 2) ∪ (2, 92 ] 2 (92 ,∞)
1
P = Pmax pure rotations
0 < P < Pmax no
∗ all∗∗ #{(2,
√
2λ) ∩ N}
(0, 12 ) ∪ (12 , 1) 12
-1
P = Pmin pure rotations
Pmin < P < 0 no all
∗ “no” means there are no solutions
∗∗ “all” means that all solutions are 2pi periodic
Table 1 The number of elliptic periodic solution corresponding to all possible values of B, P
and λ (after rescaling). Here, Pmax =
1
2λ
(
λ−1
λ3
)λ−1
, Pmin = −
1
2λ
(
1−λ
λ3
)λ−1
.
In the reverse application, our results for the range λ ∈ (2,∞) improve upon [1] by giving a complete
answer to the conditional statement of Proposition 5.1 (ii) as to the number solutions present in the range
α > 0. Namely, in the notation of [1], for 0 < α ≤ 5 there are still no 2pi-periodic solutions, while for α > 5
their precise number is the cardinality of the set (2,
√
4 + α) ∩N.
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